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We report on the realization of a single-electron source, where current is transported through
a single-level quantum dot (Q), tunnel-coupled to two superconducting leads (S). When driven
with an ac gate voltage, the experiment demonstrates electron turnstile operation. Compared to
the more conventional superconductor - normal metal - superconductor turnstile, our SQS device
presents a number of novel properties, including higher immunity to the unavoidable presence of
non-equilibrium quasiparticles in superconducting leads. In addition, we demonstrate its ability to
deliver electrons with a very narrow energy distribution.
The ability to control current flow down to the sin-
gle electron level in mesoscopic devices has triggered a
vast activity on quantum metrological current sources
in recent years [1–17]. In a quantum current source,
electrons are conveyed one by one across a mesoscopic
conductor, which is achieved owing to Coulomb repul-
sion. Early device geometries have been relying on two
or more Coulomb blockaded islands in series [3]. Among
the most promising recent approaches are islands with
tunable barriers in 2D electron gases [2, 6, 11, 17] along
with superconducting single electron transistors [7]. Be-
yond metrological applications, the development of on-
demand sources of single electrons opens paramount per-
spectives in the field of quantum coherent electronics and
electron optics [18–21].
The superconducting single electron transistor (SINIS)
turnstile [7, 22] takes advantage of the sharply defined en-
ergy gap in the density of states of superconductors, as
an energy filter. A small normal metallic region (N) is
weakly coupled to two superconducting leads (S) through
tunnel barriers. N has to be sufficiently small to present
a charging energy U , which should be at least on the
order of the superconducting gap of the leads, ∆. Nev-
ertheless, N displays densely distributed states, appear-
ing as continuous at accessible temperatures. A finite
island temperature then allows for an entire energy win-
dow ∼ kBT in N of available states for tunneling, which
leads to turnstile operation errors associated to double
occupation of N or tunneling into the wrong lead [22].
In this Letter, we demonstrate the first realization of
a source of quantized current based on a single quan-
tum energy level. The physical operation principle is
similar to the SINIS turnstile, with the important differ-
ence that electrons are here carried by a single energy
level of a quantum dot (Q). After demonstrating the ex-
pected principal turnstile operation characteristics, we
focus on novel electronic transport features of the SQS
FIG. 1: (a) Experimental current map of a superconductor
- quantum dot hybrid device as function of gate and bias
potential, in absence of periodic gate drive. Coloured solid
lines correspond to the four superconducting gap edges as
illustrated in (b). The device is operated as a single level
turnstile when its state is modulated periodically around its
(n, n+ 1) charge degeneracy point. The on-state currents are
I+ = 290 pA (red) and I− = −250 pA (blue). (b) Energy
diagram of the device with a small bias applied, illustrating
electron tunneling events in and out the quantum dot. Grey
areas indicate the amplitude range for solely forward tunnel-
ing, also seen in (a). Driving the turnstile with a square wave
signal allows for tunneling at precisely determined energies.
turnstile. In particular, we show that tunneling can be
tuned to occur at a precisely determined energy. We the-
oretically compare the dominant turnstile error processes
in the SQS and SINIS devices respectively, concluding on
the lower sensitivity of the former to out-of-equilibrium
quasiparticles.
The fabrication of the SQS junctions, described in [23],
relies on the in situ creation of a nanometer-sized frac-
ture in superconducting constrictions. We perform con-
trolled electromigration of on-chip metallic constrictions
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FIG. 2: (a) Current-bias traces measured near the charge de-
generacy point. Characteristic plateaus appear with I = ef
(indicated by dashed lines) when applying a small modula-
tion signal (magenta: A ≈ 0.64∆, f = 190 MHz, device
S, blue: A ≈ 0.62∆, f = 60 MHz, A) to the gate. The
black trace shows the current response with no ac gate drive
(device A). (b) Current-gate traces measured for A ≈ ∆
and the same frequencies as in (a), at VB =
3
2
∆/e (magenta)
and VB = ∆/e (blue). (c) Current at the inflection point of
the plateaus shown in (a) as function of operation signal fre-
quency. The insets highlight deviations of the normalized cur-
rent I/ef from 1 in both the low and high frequency ranges.
[24], which is a proven technique for connecting single
molecules [25] and gold nano-particles [26]. Randomly
dispersed gold nanoparticles of about 5 nm diameter can
occasionally bridge the nanometric fractures, providing
thereby well-defined quantum dot junctions. By using su-
perconducting aluminum electrodes, SQS junctions can
be obtained [23, 27]. Because higher order processes are
detrimental to turnstile operation accuracy, we restrict
ourselves to rather weakly coupled devices.
The relevant device parameters of the quantum dot
junction at the heart of the single-level turnstile are its
charging energy U , the quantum dot orbital level spacing
δE, the tunnel couplings γ and the capacitances C to the
three terminals source, drain and gate, which we denote
by indices S, D and G respectively in the remainder. All
these can be determined from transport data in static
conditions, that is, measuring the current I as a function
of the applied bias voltage VB and gate voltage VG. The
I(VB , VG) maps show typical Coulomb blockade behavior
in which only a single or at most a few charge degeneracy
points (Fig. 1a) are accessible in the available gate volt-
age range. We find charging energies U > 50 meV and
orbital energy level spacings δE on the order of 1 meV
or higher. Because δE  kBT , the thermal population
beyond the ground state is vanishingly small and elec-
tron transport occurs uniquely through a single orbital
quantum level [28]. Our study focusses on two devices
with quite different tunnel couplings: S has rather sym-
metric tunnel couplings (γS = 2.1 µeV, γD = 1.4 µeV),
while A is strongly asymmetric (γS = 5.2 µeV, γD = 0.4
µeV). We set h¯ = 1 in the remainder, thereby identifying
tunneling rates and energies. The determination of all dc
transport characteristics of both devices was described in
detail in [23].
Superconductivity in the leads provides a hard energy
filter for tunneling. The absence of quasi-particle states
at energies |E| < ∆ ≈ 260 µeV in the leads results in a
suppression of conductance for |VB | < 2∆/e at any gate
voltage, as is seen in Fig. 1a. For turnstile operation,
a small constant bias 0 < |VB | < 2∆/e is applied and
a periodic modulation signal with frequency f and vari-
able amplitude is added to the static gate potential. The
energy difference between the n+ 1 and n electron occu-
pation numbers in the quantum dot, (t), varies between
¯±A, where ¯ is controlled by the static voltages VG and
VB . A single electron can tunnel into the quantum dot
as soon as (t) faces the occupied states of the contact
with the higher chemical potential (Fig. 1b; right grey
triangle in Fig. 1a). By raising (t) via the back gate to
face the empty states above the upper superconducting
gap edge in the opposite lead (left grey triangle in Fig.
1a), the level is emptied to that lead. By operating the
gate voltage cyclically, one electron is conveyed by cy-
cle from the higher chemical potential lead to the other,
giving rise to a dc current I = ef .
The combination of both above tunneling processes,
in and out of the quantum dot, corresponds to the de-
sired operation mode of the turnstile and will be named
forward tunneling in the remainder. As can be seen in
Fig. 1, forward tunneling requires the amplitude A
of the modulation of (t) to verify A > ∆ − e|VB |/2.
On the other hand, a too large modulation amplitude
A > ∆ + e|VB |/2 will eventually allow for tunneling
into/from the opposite lead. Such backtunneling pro-
cesses are detrimental to current quantization, and their
signature will be discussed later on.
Throughout this work, a square wave signal, with a
rise time τ ≈ 1.6 ns associated to the finite bandwidth
of the generator, is used for modulating (t). The ex-
perimental dc current I(VB) measured for a square wave
(t) with amplitude A around ¯ = ¯0 ≡ (µS + µD)/2
is shown in Fig. 2a. Here µS,D are the leads chemical
potentials, such that µS − µD = eVB . Above the thresh-
old voltage for forward tunneling, V fwB = ±2(∆−A)/e,
a broad current plateau at I = ef develops. Turnstile
operation is only effective for a restricted range of val-
ues of ¯ (Fig. 2b). The value of the turnstile current,
determined at the inflection point, follows the predicted
linear dependence on frequency (Fig. 2c), with a stan-
dard deviation of about 1 %, to which adds a systematic
deficit of about 0.7 % at higher frequencies. The plateaus
show a small residual slope at all frequencies. This fea-
ture has instrumental origin, which is discussed in the
Supplemental Material file.
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FIG. 3: (a) Colormap of ∂I/∂VB of device S as a function of
bias and gate modulation amplitude (f = 56 MHz, ¯ = ¯0).
Narrow blue regions, corresponding to rapid increase in cur-
rent, separate areas of voltage independent current (white),
with values I = 0 and I = ±ef . (b) Colormap of turnstile
current of S as a function of static gate offset from degen-
eracy point and gate modulation amplitude (f = 60 MHz,
VB = 1.5∆/e).
At charge degeneracy, the thresholds for the onset of
both forward and backtunneling can be seen as the nar-
row blue stripes in Fig. 3a. Both threshold conditions
cross at VB = 0 when A = ∆. Whereas the frequency
dependent transmission of the ac gate signal to the device
is not precisely known, this crossing is used to calibrate
A. The bright color identifies regions of voltage inde-
pendent current, corresponding to I = 0 and I = ±ef
respectively.
When ¯ is slightly detuned from ¯0 by the static
gate potential, the onset of forward tunneling is linearly
shifted towards larger A (Fig. 1b). Note that turn-
stile operation requires two successive tunneling events
to successfully occur. This is visible in Fig. 3b, where
the current is shown as function of gate detuning and
modulation amplitude. For larger amplitudes A, an in-
creasing tolerance of the turnstile operation with respect
to the proper tuning of ¯− ¯0 develops.
Having evidenced electron turnstile operation, let us
now identify the hallmarks of transport through a single
quantum energy level. In SINIS turnstiles, backtunneling
can be occasioned by electrons from the high energy tail
of the thermal energy distribution in N. The probability
of backtunneling increases thus steadily and smoothly
as A is cranked up [29]. Conversely, in a SQS turn-
stile backtunneling sets in abruptly, when the threshold
A = ∆ + |VB |/2e is exceeded. This is seen in Fig. 4a,
where at high enough modulation amplitudes, the cur-
rent starts dropping suddenly from ef . We numerically
model the turnstile current dependence on A, both for
the SINIS and the SQS turnstile, by solving the time-
dependent rate equations using the measured output of
the ac signal generator. In the case of the SQS, the in-
stantaneous tunneling rates to each lead are found from
the retarded Green’s function’s pole [23, 30, 31], that is,
beyond Fermi’s golden rule. This is particularly impor-
tant near the singularities in the superconducting density
of states (see Supplemental Information file). The calcu-
lation (continuous line in Fig. 4a) nicely captures the
abrupt decrease of the current as soon as the backtun-
neling threshold is met. For comparison, in a SINIS de-
vice with parameters taken from the most precise devices
presently studied [32, 33], the onset of backtunneling is
markedly smoother (dashed line).
This particulary sharp onset of backtunneling is all the
more pronounced if the rise time of (t) is short, or more
precisely, if the time available for forward tunneling only
is brief. If  is raised to the backtunneling threshold
within τ  γ−1, the probability of backtunneling may ac-
tually exceed that of forward tunneling. This means that
a current inversion, of magnitude up to ef , might even-
tually be produced with proper parameter combinations.
This could however not be observed in our experiment,
because the square wave rise time is of the same order of
magnitude as the inverse tunneling rate (τ ∼ γ−1).
As to highlight the energy selectivity of the tunnel-
ing process, we calculate the energy resolved transferred
charge dq/d over a half-period of an ac gate cycle, us-
ing the assumptions and parameters of the calculation in
Fig. 4a. The results are shown for different values of A
and for both forward and backward processes in Fig. 4c.
While a certain fraction of forward tunneling occurs near
the superconducting gap edge (where the lead’s density
of states is largest), good energy selectivity of the tun-
neling is achieved for sufficiently large values of A. The
accuracy of the energy selectivity is ultimately limited
by the tunnel coupling, but in the present experiment it
is dominated by deviations of the ac drive signal from a
perfect square wave. For even larger A, backtunneling
is possible, which we represent using negative values of
dq/d.
We now move to the discussion of possible error pro-
cesses of the SQS turnstile. One obvious source of er-
ror in a turnstile is the missed tunneling event. As the
tunneling rate is finite, tunneling may be missed during
the corresponding half-period, leading to I < ef . For
a single-level quantum dot, the Fermi golden rule tun-
neling rate for each lead (α = S,D) can be written as
Γα = (2) γα ns((t)± eVb/2), where ns(E) is the normal-
ized quasi-particle density of states in the superconduct-
ing leads. The factor of 2 takes into account the possibil-
ity of tunneling for two spin projections, and is present
only for tunneling at one of the leads. For a symmetric
square wave modulation of (t), the probability of missed
tunneling at one of the leads can be roughly estimated as
e−Γαteff . Here, the effective time available for tunneling
teff ≈ 1/(2f)− τ , takes into account the signal rise time.
At frequencies around 200 MHz, this estimate gives a
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FIG. 4: (a) Turnstile current as a function of operation signal
amplitude (device S, f = 56 MHz, ¯ = ¯0 and eVB = 0.7∆.
The sharp decrease in current indicates the sudden onset of
back-tunneling. The continuous line is the numerical calcu-
lation for the SQS with all parameters determined by the
device dc transport properties (see text). The dashed line is
the analogous calculation for an SINIS device with parameters
close to those of Ref. [32] (normal state resistance RN = 300
kΩ, U = 3.0∆, electron-phonon relaxation leading to quasi-
equilibrium of electrons in N is included [34]). The arrows
indicate the values of A used in (c) with corresponding col-
ors. (b) Slope at inflection point of I(Vb) on the turnstile
plateaus, averaged over A, as a function of temperature (de-
vice A). The dashed line is the calculation for the SINIS
device, with parameters as in (a). (c) Calculation of the en-
ergy distribution of the delivered charge per cycle, for differ-
ent gate drive amplitudes A, with parameters as in (a). The
negative part of the panel displays the backtunneling contri-
bution. The maximum relative excursion of the quantum dot
level trajectory is represented in the inset for corresponding
colors.
current deficit of 0.8 % for the device parameters of sam-
ple S, which agrees well with the experimental value of
about 0.7 % (Fig. 2c inset).
In turnstile operation with a normal metal island and
at finite temperature, an electronic population of magni-
tude exp(−∆/kBT ) has sufficiently high energy for back-
tunneling. In aluminum-based devices, the associated er-
ror is rapidly dominant in SINIS turnstiles above about
300 mK [33]. An expected hallmark of energy quantiza-
tion in the turnstile operation should be a rather marked
temperature insensitivity as long as δE  kBT and Pauli
blocking of states in the leads can be neglected. We have
followed the turnstile operation of device S as a func-
tion of temperature up to 0.5 K and we indeed observe
the turnstile plateau to subsist through the entire tem-
perature range, with only a rather moderate increase in
error rate. We quantify the error by the I = ef plateau
slope dI/dVB . As seen in Fig. 4b, this slope shows only
little dependence on temperature. For comparison, the
calculation of the same quantity for a SINIS turnstile
with parameters RN = 300 kΩ, U = 3.0∆ is also plot-
ted, showing a rapid divergence above ∼300 mK. While
thermal errors are negligible only in the low mK range
in most reported turnstiles, the SQS device can operate
up to relatively high temperatures without suffering from
thermal tunneling.
We now discuss a series of possible error processes for
both the SQS and SINIS devices, up to third order in
γ/∆. For simplicity, we take |eVB |, A and ∆ to be all
of the same order, as is the case in usual turnstile opera-
tion conditions. For the SINIS turnstile, the level spacing
δE  ∆ in N is small and any of about ∼ ∆/δE electrons
can tunnel. Writing γ the tunnel coupling of an individ-
ual orbital level, the escape rate from N is Γ ∼ g∆, where
g ∼ γ/δE  1 is the dimensionless conductance of the
tunnel junctions, in units of the conductance quantum.
Because kBT  U,∆, real processes involving more than
the two accessible charge states are suppressed, which
also forbids Andreev reflection. Detailed derivations of
the results given below are provided in the Supplemental
Material file.
An important source of errors in superconducting
turnstiles is related to the presence of non-equilibrium
quasiparticles in the leads, with concentration xqp =
nqp/(2ν∆), where nqp is the quasiparticle density in the
lead and ν is the density of states (per spin projection) at
the Fermi level in the lead in normal state. Such quasi-
particles can accumulate as a consequence of noise and,
in particular, the turnstile operation itself and are well
known to be very difficult to evacuate [32, 35]. Using the
diffusion model described in [32] we estimate a turnstile
operation-induced non-equilibrium quasi-particle density
on the order of 10 µm−3 near the SQS junction, yield-
ing xqp ≈ 2 × 10−6. One first process involving these
quasiparticles is the direct tunneling between one lead
and the central island, with rate ∼ xqp g∆ in the SINIS
turnstile. Crucially, this process, which is at present the
main source of errors in SINIS turnstiles [32], is expo-
nentially suppressed for the SQS device, as there are no
available states in the quantum dot that allow to conserve
energy.
Beyond single particle processes, a quasiparticle can
be transferred from one lead to the other by cotunnel-
ing, that is, via an island level as a virtual intermediate
state. Such second order in γ processes are allowed in
both devices, with rates ∼ xqpg2∆ for the SINIS and
∼ xqpγ2/∆ for the SQS, respectively. Eventually, the
ultimate limitation to accuracy of superconducting turn-
stiles arises from third-order Cooper-pair-electron (CPE)
cotunneling [22, 36]. This process is effective even in
the absence of quasiparticles and its rate can be esti-
mated as ∼ g3∆ and ∼ γ3/∆2 for the SINIS and SQS
5devices, respectively. To compare the amplitude of all
above mechanisms in the SINIS and SQS devices, let us
assume both to display the same forward tunneling rate,
that is, g∆ ∼ γ. The quasiparticle and the CPE cotun-
neling rates are then comparable in both, as the larger
number of states in N is compensated by a lower tunnel
coupling strength per state. The higher order processes
discussed above all lead to an excess current with respect
to ef .
To conclude, a metallic quantum dot embedded be-
tween superconducting leads allows for turnstile opera-
tion in which the charges are conveyed by a single or-
bital quantum level. As a consequence, tunneling occurs
precisely at the quantum level energy. Under realistic
assumptions, the SQS turnstile can serve as a monochro-
matic on-demand single electron source. As a next step,
one can explore the possibility of spin polarized turnstile
operation by Zeeman splitting the orbital quantum level
using a moderate magnetic field.
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1Supplemental Materials: Single Quantum Level Electron Turnstile
This document provides supplemental material to the manuscript Single quantum level electron turnstile, discussing
in particular some instrumental parasitic effects in the turnstile operation and theoretical aspects of the Green’s
functions calculations of both the tunneling rates and error processes.
PARASITIC VB OSCILLATIONS
Under time-invariant bias conditions one can neglect the effect of the capacitance between the leads and the gate
electrode. However, with the application of a time-dependent potential VG(t) to the gate, the electronic potentials of
the leads near the junction can become affected through these capacitances, CSG and CDG respectively. If CDG ≈ CSG,
the voltage drop over the junction is only little affected [S1]. In the present experiment however, we can estimate
from the device geometry that CSG and CDG differ by more than one order of magnitude (Fig. S1c). This rather
large asymmetry results in adding a small oscillating component to the bias. Equivalently, the trajectory of (t) in
the (VG, VB)-plane can be pictured as a slightly tilted ellipse, as schematically shown in Fig. S1b.
Such a tilt does not necessarily affect the turnstile current as long as the time dependent VB(t) remains below 2∆/e.
Above this threshold, direct SIS tunnel events and co-tunneling events are no longer strictly suppressed by energy
conservation. Consequently, this can give rise to additional current during a finite time window per signal period,
which increases with the static VB and A. Fig. S2 compares the response of the turnstile as a function of (VB , A),
depending on whether the static gate potential V¯G is tuned far away from the charge degeneracy point (a) or at charge
degeneracy (b). As expected, in (b) turnstile operation is observed for bias voltages beyond the blue lines, just as in
Fig. 3a of the main manuscript. As expected again, no turnstile current is observed in (a). Nevertheless, both panels
display a small yet identical slope of the threshold in VB above which current quantization is lost, as a function of A.
From the above observations, we conclude that the experimentally observed slope of the I = e f plateaus has its
origin essentially in the gate-bias crosstalk discussed above. As to more quantitatively demonstrate the contribution
of this effective cross-talk, one can take the difference between the measurements displayed in Fig. S2(a,b). Figure
S2c shows I(VB) traces of the left (right) panel in black (blue) respectively, at a given A, as well as their difference
in red. A zoom on the I = e f plateau (Fig. S2d) evidences the striking improvement of the turnstile accuracy when
corrected for the gate-bias cross-talk. Next generation experiments will take care to minimize this parasitic effect by
making the gate-to-lead capacitances more symmetric.
FIG. S1: a) Schematic of the SQS device illustrating all relevant capacitances. b) Replication of I(VB , VG) map shown in Fig.
1a of the main article, illustrating a tilted quantum dot state trajectory due to the effective gate-bias crosstalk. (c) Colored
large view scanning electron micrograph of the chip, displaying 12 electromigration junctions. The bright grey region is the
local backgate, isolated from the source and drain leads by an 8 nm thick aluminum oxide. The source is common to all 12
junctions. The red and blue regions highlight the ensuing asymmetry in capacitive coupling to the gate of the source and drain
contacts of a given electromigration junction.
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FIG. S2: Differential conductance maps as a function of applied bias voltage VB and gate modulation amplitude A measured
while the static gate voltage VG is tuned far from (a) and right at (b) the charge degeneracy point (device A, f = 60 MHz,
color code as in Fig. 3a of main manuscript). (c) Turnstile current at A = 0.85∆ as a function of the static bias voltage VB
while the static gate voltage VG is tuned far from (◦) and right at () the charge degeneracy point. The difference between
both traces is plotted using squares. (d) Zoom on I = e f region. The subtraction reveals a much broader plateau with a
significantly reduced slope.
ELECTRON TUNNELING RATE BEYOND FERMI’S GOLDEN RULE
In many cases, electron tunneling rate from the dot into the electrodes is found from Fermi’s golden rule. Coupling
of the dot level  to the electrodes controlled by an external gate voltage VG can be conveniently described by the
(retarded) self-energy Σ(E), E is a quasiparticle energy. The standard perturbative Fermi’s golden rule approach
corresponds to approximating the tunneling rate Γ by Γ ≈ −2 Im Σ(). This approximation is valid provided that the
energy dependence of Σ(E) near E =  is smooth on the scale of Γ.
For a single superconducting electrode, the self-energy
Σ(E) = − γE√
∆2 − E2 , (S1)
where γ is half the decay rate for the electrode in the normal state. Clearly, Fermi’s golden rule breaks down near the
BCS singularities E → ±∆. To go beyond Fermi’s golden rule, one has to solve the Green’s function pole equation,
E − − Σ(E) = 0, (S2)
in the lower complex half-plane of E, as the retarded Green’s function GRd (E) = [E + i0− −Σ(E)]−1, as well as the
retarded self-energy Σ(E) must be analytical in the upper half-plane. Having found the pole at some E = E∗, one
can associate its imaginary part with the decay rate, Γ = −2 ImE∗ = −2 Im Σ(E∗).
At the backtunneling onset we must take into account coupling to both electrodes, so the self-energy has two
contributions,
Σ(E) = ΣS(E) + ΣD(E) = − γS(E − eVB/2)√
∆2 − (E − eVB/2)2
− γD(E + eVB/2)√
∆2 − (E + eVB/2)2
. (S3)
We focus on the electron tunneling, ReE > 0. The hole tunneling can be treated symmetrically, with γS , γD multiplied
by 2 to account for the spin degeneracy. As we use the convention with e > 0 (the electron charge thus being −e),
ΣD describes the forward tunneling and ΣS the backward one.
The decay rate can still be found from the imaginary part of the Green’s function pole E∗, obtained by solving
Eq. (S2). However, it gives the total decay rate, which should still be separated into partial contributions from the
two electrodes. Such separation is straightforward when ΣD(E) is a smooth function of E near E = ∆+eVB/2. Then,
one can approximate ΣD(E) ≈ ΣD(E∗) ≈ −iΓD/2, where ΓD is the decay rate to the drain electrode. The pole E∗
is shifted with respect to  = ∆ + eVB/2 along the real axis by an amount ∼ (γ2S∆)1/3, as a result of level repulsion
between the dot level and the BCS singularity in the density of states in the source electrode. As (γ2S∆)
1/3  γS ∼ γD,
this repulsion is stronger than the level broadening by the drain electrode ΓD ∼ γD. The criterion for the smoothness
of ΣD(E) is
|ΣD(E)− ΣD(E∗)| ≈ (γ2S∆)1/3
∂|ΣD(E)|
∂E
∣∣∣∣
E=∆+eVB/2
 γD, (S4)
3which results in eVB  [(γS)4∆5]1/9. In the opposite case of small VB , the two BCS singularities overlap and we see
no simple way to separate the two rates.
The above reasoning assumed  to be time-independent. As the typical rise time of  in the experiment is τ ≈ 1.6 ns,
and − Im ΣD >∼ γD, where γD is several µe V, this assumption indeed holds at the backtunneling onset.
To summarize, we calculate the tunneling rates at the backtunneling onset as follows. First, we find the root E∗
of the pole equation (S2) with the self-energy (S3). Then, the tunneling rate to the drain electrode is evaluated as
ΓD = −2 Im ΣD(E∗), and the one to the source electrode is ΓS = −2 Im Σ(E∗)− ΓD.
THEORETICAL DISCUSSION OF ERROR PROCESSES IN SUPERCONDUCTING TURNSTILES
Here we estimate the rates of various parasitic processes for multi-level and single-level dots, following Ref. [S2].
All rates are obtained using the perturbative Fermi’s golden rule.
The model for the quantum dot and superconducting electrodes
Consider a quantum dot coupled to two superconducting leads. Each lead α = S,D is described by the BCS
Hamiltonian
Hˆα =
∑
k,σ
εkaˆ
†
αkσaˆαkσ, εk =
√
∆2 + ξ2k, (S5)
aˆαk↑ = cˆαk↑ sin
ηk
2
+ cˆ†αk↓ cos
ηk
2
, aˆαk↓ = cˆαk↓ sin
ηk
2
− cˆ†αk↑ cos
ηk
2
, (S6)
cˆαk↑ = aˆαk↑ sin
ηk
2
− aˆ†αk↓ cos
ηk
2
, cˆαk↓ = aˆαk↓ sin
ηk
2
+ aˆ†αk↑ cos
ηk
2
, (S7)
ηk =
pi
2
+ arctan
ξk
∆
, sin
ηk
2
≡ uk, cos ηk
2
≡ vk =
√
1− ξk/εk
2
, (S8)
where k labels the orbital states in each electrode, cˆ†, cˆ are creation and annihilation operators for electrons, and aˆ†, aˆ
those for Bogolyubov quasiparticles. ξk is the electron energy counted from the Fermi level in the absence of the bias,
and εk is the quasiparticle energy.
To describe the multi-level quantum dots, we introduce the orbital quantum number n to label the orbital states
in the dot. For a single-level dot, we will just assume that n can take just one value. The single-particle part of the
dot Hamiltonian and its coupling to the leads is written as
Hˆdot+tun =
∑
n,σ
Encˆ
†
nσ cˆnσ +
∑
α=S,D
(
Vˆα + Vˆ
†
α
)
, Vˆα =
∑
k,n,σ
Wαkncˆ
†
αkσ cˆnσ. (S9)
The energy levels En are assumed to have the mean level spacing δE. The tunneling matrix elements can be modeled
as [S3] Wαkn = Wα φ
∗
αk(~rα)φn(~rα), where the wave functions φn(~r) of a multilevel dot are treated as Gaussain random
variables with average φn(~rα) = 0, φn(~rα)φn′(~rα′) = δαα′δnn′ . The matrix elements determine the decay rate of each
dot level and the conductance of each tunnel junction in the normal state,
2γnα = 2pi|Wα|2να|φn(~rα)|2, Gα = 2e2 2pi|Wα|
2να
δE
=
2e2
2pi
gα, (S10)
where δE is the mean level spacing on the dot, and
να =
∑
k
|φαk(~rα)|2δ(ξαk) (S11)
is the local density of states per spin in the αth electrode in the normal state, assumed to be energy-independent.
The electrostatic part of the energy is obtained by assuming capacitive coupling to the source, drain, and gate
electrodes via the capacitances CS , CD, CG. If voltages VS = −V/2, VD = V/2, and VG are applied to the electrodes,
the voltage on the dot as a function of its charge Q is given by
Vdot(Q) =
Q
CΣ
+
(CS − CD)V/2 + CGVG
CΣ
, CΣ ≡ CS + CD + CG. (S12)
4The electrostatic energy of the dot with N electrons is then given by
EN = UN(N − 2NG) + CS − CD
2CΣ
NeVB , U =
e2
2CΣ
, NG = −CGVG
e
. (S13)
Sequential single-particle tunneling
Let pN be the probability for the quantum dot to have N electrons. It satisfies the rate equation
dpN
dt
=
∑
α=S,D
(−ΓαN→N+1pN − ΓαN→N−1pN + ΓαN−1→NpN−1 + ΓαN+1→NpN+1) , (S14)
where the integrated transition probabilities are given by (the factor of 2 from spin)
ΓαN+1→N = 2
∑
n,k
|Wαkn|2fn
[
u2k(1− fαk ) 2piδ(EN+1 + En − EN − eVα − εk) +
+ v2kf
α
k 2piδ(EN+1 + En + eVα + εk − EN − 2eVα)
]
, (S15)
ΓαN→N+1 = 2
∑
n,k
|Wαkn|2(1− fn)
[
u2kf
α
k 2piδ(EN + eVα + εk − EN+1 − En) +
+ v2k(1− fαk ) 2piδ(EN + 2eVα − EN+1 − En − εk − eVα)
]
. (S16)
Let us denote Uα = EN − EN+1 + eVα and introduce the distribution functions
fn = f(En) =
1
eβEn + 1
, fαk = f
α
qp(εk) =
nαqpe
−βαqpεk
4να∆K1(βαqp∆)
 1, (S17)
where the quasiparticle density nαqp = 2
∑
k f
α
k |φαk(~rα)|2, and the modified Bessel function K1(z) =∫∞
0
e−z cosh η cosh η dη. Here we assumed that fαk depends only on εk and not on sign ξk, thereby neglecting the
imbalance. Then we can extend it on the negative energies by defining fαqp(ε < 0) = 1 − fαqp(−ε), and write for an
arbitrary function F(ε)
W 2α
∑
k
|φαk(~rα)|2
[
u2kf
α
k F(εk) + v2k(1− fαk )F(εk)
]
=
= W 2ανα
∫
dξk
{
εk + ξk
2εk
fαqp(εk)F(εk) +
εk − ξk
2εk
[1− fαqp(εk)]F(−εk)
}
=
=
γα
pi
∞∫
−∞
dε
θ(|ε| −∆)|ε|√
ε2 −∆2 f
α
qp(ε)F(ε) ≡
γα
pi
∞∫
−∞
NS(ε) dε fαqp(ε)F(ε). (S18)
Then, for a multilevel dot we have
ΓαN+1→N =
gα
pi
∞∫
−∞
NS(ε) dε f(Uα + ε)
[
1− fαqp(ε)
]
, (S19)
ΓαN→N+1 =
gα
pi
∞∫
−∞
NS(ε) dε [1− f(Uα + ε)] fαqp(ε). (S20)
For a single-level dot f(Uα + ε) and 1− f(Uα + ε) should be replaced by δE · δ(Uα + ε).
Let us now consider turnstile operation with −VS = VD = V/2, eVB/∆ ≡ χ, 0 < χ < 2. On N + 1→ N , electron
can be ejected into the drain electrode but not into the source one if ∆− (−eVB/2) < EN+1 −EN < ∆ + (−eVB/2).
On N → N + 1, electron can be injected from the source electrode but not from the drain one if −∆− (−eVB/2) <
EN+1 −EN < −∆ + (−eVB/2). Thus we write EN+1 −EN = ±(1− χ/2 + η)∆ with 0 < η < χ, and for N + 1→ N
we have UD/∆ = −(1 + η), US/∆ = χ− (1 + η), while for N → N + 1 we have UD/∆ = 1 + η − χ, US/∆ = 1 + η.
5Let us focus on the N + 1→ N stage at zero temperature. Then, for a multilevel dot we have
ΓDN+1→N =
gD∆
pi
√
η(2 + η), η  βDqp∆, (S21)
ΓSN+1→N =
gS
pi
nSqp
4νS
. (S22)
In addition, on the same stage, after the electron ejection, there is a possibility of populating the dot again by injecting
a quasiparticle from S electrode on a high level, with the same rate ΓSN→N+1 = Γ
S
N+1→N .
For a single-level dot, both parasitic processes are absent, as there are no filled or empty levels at the corresponding
energies:
ΓDN+1→N =
gDδE
pi
1 + η√
η(2 + η)
[
1− fDqp(−UD)
]
, (S23)
ΓSN+1→N = Γ
S
N→N+1 = 0. (S24)
Quasiparticle cotunneling
To transfer an electron from electrode α to α′, we act with cˆ†α′k′σ′ cˆnσ′ cˆ
†
n′σ cˆαkσ if there are N electrons on the dot
initially, and with cˆ†n′σ cˆαkσ cˆ
†
α′k′σ′ cˆnσ′ if there were N+1 electrons. Starting from a given configuration of quasiparticles
on the electrodes, we can create or destroy a quasiparticle on each electrode, so there are four possible final states
which we label by sα = ± and sα′ = ±. The inelastic cotunneling rate is
Γα→α
′
N,in = 4
∑
k,k′,n,n′
∑
sα,sα′=±
∣∣∣∣ Wα′k′nW ∗αkn′EN + eVα + sαεk − EN+1 − En′
∣∣∣∣2 fn(1− fn′)×
× εk + sαξk
2εk
1− sα(1− 2fαk )
2
εk′ + sα′ξk′
2εk′
1 + sα′(1− 2fα′k′ )
2
×
× 2piδ(eVα + sαεk + En − eVα′ − sα′εk′ − En′), (S25)
where the factor 4 comes from spin summation. For N + 1 the only change is that the denominator becomes
EN+1 + En − EN − eVα′ − sα′εk′ , which gives the same if the energy conservation is taken into account. Thus, we
can write
Γα→α
′
in =
gαgα′
(2pi2)2
∞∫
−∞
dE dE′NS(ε) dεNS(ε′) dε′ f(E) fαqp(ε)[1− f(E′)][1− fα
′
qp(ε
′)]×
× 2piδ(Uα + ε− E
′ − Uα′ − ε′ + E)
(Uα + ε− E′)2 =
=
β→∞
gαgα′
2pi3
∞∫
−∞
NS(ε) dεNS(ε′) dε′fαqp(ε)
[
1− fα′qp(ε′)
]
×
×
(
1
Uα′ + ε′
− 1
Uα + ε
)
θ(Uα + ε− Uα′ − ε′). (S26)
The cotunneling current is Iin = eΓ
S→D
in − eΓD→Sin . If βqp|eVB |  1, we can neglect ΓD→Sin ∼ ΓS→Din e−βqp|e|V .
ΓS→Din ≈
gSgD
2pi3
∞∫
∆
dεNS(ε) fSqp(ε)
ε−eVB∫
∆
dε′NS(ε′)
(
1
UD + ε′
− 1
US + ε
)
+
+
gSgD
2pi3
−∆∫
−∞
dε′NS(ε′)
[
1− fDqp(ε′)
] −∆∫
ε′+eVB
dεNS(ε)
(
1
UD + ε′
− 1
US + ε
)
≈
≈ gSgD
2pi3
nqp
4ν
∆−eVB∫
∆
dε′NS(ε′)
(
1
UD + ε
− 1
US + ∆
+
1
UD −∆ −
1
US − ε
)
.
6For UD/∆ = −(1 + η), US/∆ = χ − (1 + η), the denominators do not vanish if χ − 2 < η < 0. For η > 0, the same
transition can occur by a sequence of two real tunneling processes, considered in the previous section.
For the elastic cotunneling rate we have:
Γα→α
′
N,el = 2
∑
k,k′
∑
sα,sα′=±
∣∣∣∣∣∑
n
Wα′k′nW
∗
αkn(1− fn)
EN + eVα + sαεk − EN+1 − En
∣∣∣∣∣
2
×
× εk + sαξk
2εk
1− sα(1− 2fαk )
2
εk′ + sα′ξk′
2εk′
1 + sα′(1− 2fα′k′ )
2
×
× 2piδ(eVα + sαεk − eVα′ − sα′εk′), (S27)
and for N + 1 we have to replace 1 − fn → fn in the numerator and put EN+1 + En − EN − eVα′ − εk′ in the
denominator. Then, for a multi-level dot
Γα→α
′
el =
δE
2
gαgα′
(2pi2)2
∞∫
−∞
dENS(ε) dεNS(ε′) dε′ fαqp(ε)
[
1− fα′qp(ε′)
]
×
× {1− f(E), f(E)}
(Uα + ε− E)2 2piδ(Uα + ε− Uα
′ − ε′). (S28)
For a single-level dot we replace {1− f(E), f(E)} → δE · δ(E) in Eq. (S28), which gives
ΓD→Sel ≈
gSgDδE
2
4pi3
NS(∆− eVB)
[
nDqp/4νD
(UD + ∆)2
+
nSqp/4νS
(US −∆)2
]
. (S29)
Andreev tunneling
There are two kinds of Andreev processes: (i) N → N + 2 with a Cooper pair from the source electrode, and
(ii) N + 1→ N − 1 by injecting a Cooper pair into the drain electrode. The energies of the initial, intermediate, and
final states are
EN − eVB → EN+1 + ES + εk − eVB
2
→ EN+2 + En + En′
EN+1 + En + E
′
n → EN + ES + εk +
eVB
2
→ EN−1 + eVB .
The matrix elements for these processes are (up to an overall sign)
MSnn′ =
∑
k
(
W ∗SknW
∗
Skn′ukvk
EN − EN+1 − eVB/2− εk − En −
W ∗SknW
∗
Skn′ukvk
EN − EN+1 − eVB/2− εk − En′
)
=
= φ∗n(~rS)φ
∗
n′(~rS) (W
∗
S)
2νS
[
a
(
U− − En′
∆
)
− a
(
U− − En
∆
)]
, (S30)
MDnn′ =
∑
k
(
WDknWDkn′ukvk
EN+1 − EN − eVB/2− εk + En −
WDknWDkn′ukvk
EN+1 − EN − eVB/2− εk + En′
)
=
= φn(~rD)φn′(~rD)W
2
DνD
[
a
(
U+ + En′
∆
)
− a
(
U+ + En
∆
)]
, (S31)
U± ≡ − eVB
2
± (EN+1 − EN ),
where we defined a function
a(z) =
1
να
∑
k
|φαk(~rα)|2ukvk
εk − z∆ =
∞∫
∆
ε dε√
ε2 −∆2
∆/ε
ε− z∆ =
∞∫
0
dx
coshx− z =
=
1
2
√
z2 − 1 ln
−z +√z2 − 1
−z −√z2 − 1 =
1√
z2 − 1 ln
1− z +√z2 − 1
1− z −√z2 − 1 →z→−∞
ln |2z|
|z| ,
=
arccos(−z)√
1− z2 . (S32)
7The rate is given by (the factor of 1/2 from n↔ n′ is cancelled by 2 from spin)
ΓD = (|WD|2νD)2
∑
n,n′
fnfn′ |φn(~rD)|2|φn′(~rD)|2
[
a
(
U+ + En′
∆
)
− a
(
U+ + En
∆
)]2
×
× 2piδ(EN+1 + En + E′n − EN−1 − eVB) =
=
( gD
4pi2
)2 ∫
dE dE′ f(E) f(E′)
[
a
(
U+ + E
∆
)
− a
(
U+ + E′
∆
)]2
×
× 2piδ(EN+1 + E + E′ − EN−1 − eVB). (S33)
Cooper-pair-electron cotunneling
There are two types of the process:
• N + 1 → N , splitting a Cooper pair on S electrode, leaving a quasiparticle there, and creating a Cooper pair
on D electrode. The electrostatic energy gain is EN+1 + eVS − EN − 2eVD.
• N → N + 1, splitting a Cooper pair on S electrode, and transferring a quasiparticle to D electrode. The
electrostatic energy gain is EN + 2eVS − EN+1 − eVD.
The energies of the initial, intermediate, and final states are:
EN+1 + En + 2eVS EN + 2eVS
EN + eVD + εk′ + 2eVS EN+1 + En′ + eVS + εk′
EN+1 + En′ + eVD + εk′ + eVS + εk EN + En′ − En′′ + eVD + εk + eVS + εk′
EN + 2eVD + eVS + εk + En′ − En′′ EN+1 + En′ − En′′ + En + eVD + εk
with n′ 6= n′′, so they are absent in the single-level case. In the matrix elements we take into account only intermediate
states with N,N + 1 electrons, as states with N − 1, N + 2 electrons are assumed to be very high in energy:
MDSDknn′n′′ =
∑
k′
WDk′n′′W
∗
Skn′WDk′nvk′vkuk′fn′′(1− fn′)fn
(eVS − eVD + En − En′ − εk − εk′)(En − εk′ − UD) =
=
W 2DνD φn(~rD)φn′′(~rD)W
∗
Skn′vkfn′′(1− fn′)fn
US − En′ − εk ×
×
[
a
(
eVS − eVD + En − En′ − εk
∆
)
− a
(
En − UD
∆
)]
,
MSDSknn′n′′ =
∑
k′
W ∗Sk′nWDkn′′W
∗
Sk′n′uk′ukvk′(1− fn)fn′′(1− fn′)
(eVS − eVD − εk − εk′ − En′ + En′′)(US − En′ − εk′) =
=
(W ∗S)
2νS φ
∗
n(~rS)φ
∗
n′(~rS)WSkn′′uk(1− fn)fn′′(1− fn′)
En′′ − εk − UD ×
×
[
a
(
eVS − eVD − En′ + En′′ − εk
∆
)
− a
(
US − En′
∆
)]
,
Uα ≡ eVα + EN − EN+1.
8The rates contain an additional factor of 4 from the spin degeneracy (note that the spins on the levels n, k′, n′′ are
locked together, and those on n′, k too)
ΓDSDin = 4
g2DgS
(2pi)6
∞∫
∆
NS(ε) dε
∞∫
−∞
dE dE′ dE′′
f(E) [1− f(E′)]f(E′′)
(US − E′ − ε)2 ×
×
∣∣∣∣a(eVS − eVD + E − E′ − ε∆
)
− a
(
E − UD
∆
)∣∣∣∣2 ×
× δ(UD + eVD − eVS + ε− E + E′ − E′′) , (S34)
ΓSDSin = 4
gDg
2
S
(2pi)6
∞∫
∆
NS(ε) dε
∞∫
−∞
dE dE′ dE′′
[1− f(E)] [1− f(E′)]f(E′′)
(UD + ε− E′′)2 ×
×
∣∣∣∣a(eVS − eVD − E′ + E′′ − ε∆
)
− a
(
US − E′
∆
)∣∣∣∣2 ×
× δ(US + eVS − eVD − E − E′ + E′′ − ε) . (S35)
For the elastic cotunneling, the processes are the same but n′′ = n′, so in the matrix elements we should set fn′′ = 1
and sum over n′. Because the matrix element contains φ∗n′(~rS)φn′(~rD), only one n
′ summation survives after squaring
it, so for a multilevel dot the rates are obtained by replacing f(E′′) → (δE/2) · δ(E′ − E′′), where the factor 1/2
appears because n′ = n′′ implies also the same spin. For a single-level dot, there is no summation over n, n′ either,
which amounts to replacing f(E) [1− f(E′)] and [1− f(E)] [1− f(E′)] by δE2 · δ(E) δ(E′).
Let us estimate the zero-temperature rates in the typical regime of turnstile operation for electron ejection (the
first process), taking eVB/∆ = χ, 0 < χ < 2 and EN+1 − EN = (1 − χ/2 + η)∆, with 0 < η < χ. This gives
UD/∆ = −(1 + η), US/∆ = χ− 1− η. Then, for a multilevel dot,
ΓDSDin = 4∆
g2DgS
(2pi)6
∞∫
1
w dw√
w2 − 1
∞∫
0
dx dy dz
(1− χ+ η + w + y)2 ×
× |a(χ− w − x− y)− a(1 + η − x)|2 δ(1 + χ+ η − w − x− y − z),
ΓDSDel = 2δE
g2DgS
(2pi)6
∞∫
1
w dw√
w2 − 1
∞∫
0
dx dy
(1− χ+ η + w + y)2 ×
× |a(1− w − x− y)− a(1 + η − x)|2 δ(1 + χ+ η − w − x). (S36)
For η > 0, 1 + η − x can exceed 1, then a(1 + η − x) is complex. This corresponds to one of the intermediate states
becoming real, namely, to real ejection of the first electron into the state k′ on the D electrode, before sending it to
the condensate.
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